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1 Intr oduction

Recentadvancesin SAT solving make it worthwhile to try andreduceharddecision
problems,thatweresofarsolvedby designatedalgorithms,to theproblemof deciding
apropositionalformula.ModernSAT solverscanfrequentlydecideformulaswith hun-
dredsof thousandsof variablesin ashortamountof time.They areusedfor solvingava-
riety of problemssuchasAI planning,AutomaticTestPatternGeneration(ATPG)[21],
BoundedModelChecking[4],andmore.In thispaperweshow suchareductionto SAT
from atheoryof separationpredicates1, i.e.,formulasthatcontainthestandardBoolean
connectives,aswell aspredicatesof theform ������������� where �! #"%$'&�(*) , � is acon-
stant,and ���+&,��� arevariablesof typereal or integer. Theotherinequalitysignsas
well asequalitiescanbeexpressedin this logic.Uninterpretedfunctionscanbehandled
aswell sincethey canbereducedto Booleancombinationsof equalities[1].

Separationpredicatesareusedin verificationof timed systems,schedulingprob-
lems, and more. Hardware modelswith ordereddatastructureshave inequalitiesas
well. For example,if the model containsa queueof unboundedlength, the test for-/.1032547680%9�:

introducesinequalities.In fact, most inequalitiesin verificationcondi-
tions, Pratt observed [17], are of this form. Furthermore,sincetheoremproverscan
decidemixed theories(by invoking an appropriatedecisionprocedurefor eachlogic
fragment[20]),restrictingour attentionto separationpredicatesdoesnot meanthat it
is helpful only for purecombinationsof thesepredicates.Ratherit meansthat thenew
decisionprocedurecanshortentheverificationtime of any formulathatcontainsa sig-
nificantnumberof thesepredicates.

Thereductionto SAT we suggestis basedon two steps.First, we encodethesepa-
rationpredicatesasnew Booleanvariables.Second,we addconstraintson thesevari-
ables,basedon an analysisof the transitivity of the original predicates.The idea of
Booleanencodingof predicatesin this context wasintroducedby Goel et al. [13] for
decidingequality logic, althoughthey did not compensatefor the lost transitivity by
addingconstraints.They encodeeachequality predicate

9<;>=
with a new Boolean

variable
. �?� , andcomputethe BDD correspondingto the resultingBooleanformula.

Then,they searchthe BDD for a consistentpathleadingto ‘1’, i.e., an assignmentto
the

. �?� variablesthat is consistentwith the transitivity requirementsof equality(e.g.,
an assignment

. �?� ;@. ��A ;CB
,
. �DA ;@E

is inconsistentbecauseit doesnot respectthe
transitivity requirementof thecorrespondingequalitypredicates).Theoriginal formula
is satisfiableif andonly if suchapathis found.Bryantetal. [6] latersuggestedto avoid
thesearchphase(which is worst-caseexponential)by explicitly addingthetransitivity
constraintsto theformula.Theequalitypredicatescanberepresentedasanundirected
graph,wherethenodesarethevariables,andthereis anedgebetweentwo nodes

9
and=

if andonly if thereis a predicate
9F;G=

in theformula.Transitivity of equalityforbids
anassignmentin which all edgesof a cycle exceptoneareassignedTRUE. Thus,it is
sufficient to addsucha constraintfor eachsimplecycle in thegraph.Thecurrentwork

1 Thetermseparationpredicatesis adoptedfrom Pratt[17],whoconsidered‘separationtheory’,
amorerestrictedcasein whichall theconstraintsareof theform � �IH � � �J	 , andconjunction
is theonly Booleanoperatorallowed.This logic is alsoknown as‘dif ferencelogic’.
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canbeseenasa naturalextensionof [6] to themoregeneralsegmentof logic, namely
a logic of separationpredicates.

The rest of the paperis organizedas follows. In the next sectionwe briefly sur-
vey someexisting methodsfor decidingseparationpredicatesanddiscusstheprinciple
differencesbetweenthesemethodsandSAT. We describeour methodin sections3 to
5: in Section3 we presentour basicgraph-baseddecisionprocedure.In Section4 we
show how triangulatingthegraphcanreducethecomplexity of theprocedurein some
interestingcases(while makingit morecomplex in others).In Section5 we extendthe
procedureto handleintegers. We concludein Section6 by comparingrun-timesof
thesuggestedmethodandthetheoremproverICS[11,12], whenappliedto a varietyof
realisticexamplesfrom hardwaredesignsandtimedsystems.

2 SAT vs.other decisionprocedures

Therearemany methodsfor decidinga formulaconsistingof a conjunctionof separa-
tion predicates.For example,a known graph-baseddecisionprocedurefor this typeof
formulas(frequentlyattributedto Bellman,1957)worksasfollows:givenaconjunction
of separationpredicatesK , it constructsa constraintsgraph, which is a directedgraphL�MON &+PRQ in which thesetof nodesis equalto thesetof variablesin K , andnode��� has
adirectededgewith ‘weight’ � to node��� if f theconstraint��� 4 �����S� is in K . It is not
hardto seethat K is satisfiableif f thereis no cycle in

L
with a negative accumulated

weight.Thus,deciding K is reducedto searchingthegraphfor suchcycles.Variations
of this procedureweredescribed,for examplein [17], andareimplementedin theorem
proverssuchasCoq[2]. The Bellman-Ford algorithm[8] canfind whetherthereis a
negativecycle in sucha graphin polynomialtime,andis consideredasthestandardin
solvingtheseproblems. It is used,for example,whencomputingDifferenceDecision
Diagrams(DDD) [14]. DDD’s aresimilar to BDDs, but insteadof Booleanvariables,
their nodesare labeledwith separationpredicates.In order to computewhethereach
pathin theDDD leadsto ‘0’ or ‘1’, theBellman-Ford procedureis invokedseparately
for eachpath.

Most theoremproverscandecidethe moregeneralproblemof linear arithmetic.
Linear arithmeticpermitspredicatesof the form TVU�DWYX 0 � � � � 0 U�Z X (the coefficients0 X\[][][ 0 U�Z X areconstants).They usuallyapplyvariableeliminationmethods,mostno-
tably theFourier-Motzkin technique[5], which is usedin PVS[16],ICS,IMPS[10]and
others.Otherapproachesincludethegraph-theoreticanalysisdueto Shostak[19], the
Simplex method[9],theSup-Infmethod[18],andmore.All of thesemethods,however,
needto becombinedwith case-splittingin orderto handledisjunctions2. Normally this
is thebottleneckof thedecisionprocess,sincethenumberof sub-problemsthatneedto
besolvedis worstcaseexponential.Onemaythink of case-splittingasatwo stepsalgo-
rithm: first, theformulais convertedto DisjunctiveNormalForm (DNF); second,each
clauseis solved separately. Thus,the complexity of this problemis dominatedby the
sizeof thegeneratedDNF. For this reasonmoderntheoremproverstry to refrainfrom

2 Notethatevenif theformuladoesnot includedisjunctionsoriginally, disjunctionsarenormally
addedto it by thedecisionprocedurewhenreducinguninterpretedfunctions.
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explicit case-splitting.They apply ‘lazy’ case-splitting(splitting only whenencounter-
ing a disjunction)that only in the worst casegeneratesall possiblesub-formulasas
describedabove.Oneexceptionto theneedfor casesplitting in thepresenceof disjunc-
tions is DDDs. DDDs do not requireexplicit case-splitting,in thesensethat theDDD
datastructureallows termsharing.Yet thenumberof sub-problemsthataresolvedcan
still beexponential.

Reducingtheproblemto decidingapropositionalformula(SAT) obviouslydoesnot
avoid thepotentialexponentialblow-up.Thevariousbranchingalgorithmsusedin SAT
solverscanalsobe seenascase-splitting.But thereis a differencebetweenapplying
case-splittingto formulasandsplitting thedomain.While theformerrequiresaninvo-
cationof a (theory-specific)procedurefor decidingeachcaseconsidered,the second
is an instantiationof the formulawith a finite numberof assignments.Thus,the latter
amountsto checkingwhetherall clausesaresatisfiedunderoneof theseassignments.

Thisdifference,wenow argue,is thereasonfor themajorperformancegapbetween
CNF - SAT solversandalternative decisionproceduresthathave the sametheoretical
complexity.Wewill demonstratetheimplicationsof thisdifferencebyconsideringthree
importantmechanismsin decisionprocedures:pruning, learningandguidance. In the
discussionthatfollows,wereferto thetechniquesappliedin theChaff [15] SAT solver.
MostmodernSAT solverswork accordingto similarprinciples.

– Pruning. Instantiationin SAT solversis doneby following a binarydecisiontree,
whereeachdecisioncorrespondsto choosinga variableandassigningit aBoolean
value.Thismethodmakesit veryeasyto applypruning:onceit discoversacontra-
dictory partial assignment

0
, it backtracks,andconsequentlyall assignmentsthat

contain
0

arepruned.It is not clearwhetheran equivalentor otherpruningtech-
niquescanbe appliedin case-splittingover formulas,otherthanstoppingwhena
clauseis evaluatedto true(or false,if wecheckvalidity).

– Learning. Every timeaconflict (anunsatisfiedclause)is encounteredby Chaff, the
partial assignmentthat led to this conflict is recorded,with the aim of preventing
the samepartial assignmentfrom beingrepeated.In otherwords,all assignments
that containa ‘bad’ sub-assignmentthat wasencounteredin the pastarepruned.
Learningis appliedin differentwaysin otherdecisionproceduresaswell. For ex-
ample,PVSrecordssub-goalsit hasprovenandaddsthemasanantecedentto yet
unprovensub-goals,with thehopeit will simplify theirproofs.In regardto separa-
tion theory, we arenot awareof a specificlearningmechanism,but it’s not hardto
think of one. Our argumentin this caseis thereforenot that learningis harderor
impossiblein otherdecisionprocedures- ratherthatby reducingproblemsto SAT,
onebenefitsfrom theexisting learningtechniquesthatwerealreadydevelopedand
implementedover theyears.

– Guidance. By ‘guidance’we meanprioritizing the internalstepsof the decision
procedure.For example,considerthe formula KX_^
K\` , where K�X is unsatisfiable
andhardto solve, and KF` is satisfiablebut easyto solve. If theclausesaresolved
from left to right, solvingtheaboveformulawill take longerthansolving K ` ^aK X .
We experimentedwith severalsuchformulasin bothICS andPVS,andfoundthat
changingthe orderof expressionscanhave a significantimpacton performance,
which meansthatguidanceis indeedproblematicin thegeneralcase.
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Thesuccessof guidancedependson theability to efficiently estimatehow hard
it is to processeachsubformulaand/orto whatextentit will simplify therestof the
proof. Both of thesemeasuresareeasyto estimatein CNF-SAT solving,andhard
to estimatewhenprocessingmoregeneralsubformulas.Guidancein SAT is done
whenchoosingthe next variableandBooleanvaluein eachlevel in the decision
tree.Therearemany heuristicsfor making this choice.For example:choosethe
variableandassignmentthatsatisfiesthelargestnumberof clauses.Thus,thehard-
nessof whatwill remainto proveaftereachdecisionis estimatedby thenumberof
unsatisfiedclauses.

Moderntheoremproversnormallyalsotry to guidetheproof.TheSVCtheorem
prover[3], for example,ordersits sub-expressionsaccordingto a recursive defini-
tion of ‘hardness’:constantsarethesimplest;‘add’ expressionsareashardastheir
mostcomplex child, etc.Evaluatingeasierexpressionsfirst resultson averagein
fasterdecisions.

Not only that thesemechanismsareharderto integratein the alternative procedures,
they becomealmostimpossibleto implementin thepresenceof mixedtheories(what
canbelearnedfrom solvinga sub-goalwith e.g.bit-vectorsthatwill speedup another
sub-goalwith lineararithmetic,evenif bothrefer to thesamevariables?).This is why
reducingmixedtheoriesto a commontheorylikepropositionallogic makesit easierto
enjoy thepotentialspeed-upgainedby thesetechniques.Many decidabletheoriesthat
arefrequentlyencounteredin verificationhave known efficient reductionsto proposi-
tional formulas.Thereforea similar reductionfrom separationpredicatesbroadensthe
logic thatcanbedecidedby solvinga singleSAT instance.

3 A graph theoretic approach

Let K bea formulaconsistingof thestandardpropositionalconnectivesandpredicates
of theform ���b�c���I�#� and ���b�d� , where� is aconstant,and ���+&,��� arevariablesof type
real (we treatintegervariablesin Section5). WedecideK in threesteps,asdescribed
below. A summaryof theprocedureandanexamplewill begivenin Section3.4.

3.1 Normalizing e
As a first step,wenormalizeK .

1. Rewrite � � �f� as � � �#�hgi�j� .3
2. Rewrite equalitiesasconjunctionof inequalities.
3. Rewrite ‘ k ’ and‘

4
’ predicatesas‘ $ ’ and‘ ( ’, e.g.,rewrite � � kl� � �m� as � � $� �on � .

3 ��p*qrJs canbethoughtof asaspecialvariablethatalwayshasacoefficient ‘0’ (anideaadopted
from [19]).
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3.2 Booleanencodingand basicgraph construction

After normalizing K , our decisionprocedureabstractsall predicatesby replacingthem
with new Booleanvariables.By doing so, the implicit transitivity constraintsof these
predicatesarelost.Weuseagraphtheoreticapproachto representthis ‘lost transitivity’
and,in thenext step,to derivea setof constraintsthatcompensatefor this loss.

Let
LutIMvN &�PRQ bea weighteddirectedmultigraph,whereevery edge

.  �P is a 4-
tuple

M � � &,� � &+��&,wxQ definedasfollows: � � is thesourcenode,� � is thetargetnode,� is the
weight,and w� S"�$'&](*) is thetypeof theedge.We will denoteby y M . Qz& 6 M . Qz&+{ M . Q andw M . Q thesource,target,weight,andtypeof anedge

.
, respectively. We will alsodefine

thedualedgeof
.
, denoted|. , asfollows:

1. if
.}; M 9 & = &��h&]$~Q , then |.�; M = & 9 & n ��&](~Q .

2. if
.}; M 9 & = &��h&](~Q , then |.�; M = & 9 & n ��&]$~Q .

Informally, |. representsthecomplementconstraintof
.
. Thus, ||.~;�. .

We encodeK andconstruct
Lut

asfollows:

1. Booleanencodingandbasicgraphconstruction
(a) Add a nodefor eachvariablein K .
(b) Replaceeachpredicateof theform ���_$����_�m� with a Booleanvariable

.h�+���� � � ,
andadd

M ���,&+����&+�h&�$~Q to P .
(c) Replaceeachpredicateof theform � � (�� � �m� with a Booleanvariable

.h�+���� � � ,
andadd

M � � &+� � &+�h&�(~Q to P .
2. Adddualedges.

For eachedge
.  cP , P�� ; PV�G|. .

We denotethe encodedBooleanformulaby K\� . Sinceevery edgein
Lut

is associated
with a Booleanvariablein KF� (while its dual is associatedwith the negationof this
variable),we will refer to edgesandtheir associatedvariablesinterchangeablywhen
themeaningis clearfrom thecontext.

3.3 Identifying the transiti vity constraints

Thetransitivity constraintsimposedby separationpredicatescanbeinferredfrom pre-
viouswork onthislogic [17,19].Beforewestatetheseconstraintsformally, wedemon-
stratethemon a simplecycle of size2. Let � B �3�%X��}XF��`i�G��X and �x�J����`~��`��%X��j�]`
betwo predicatesin K . It is easyto seethatif ��XY�S��`u$ E then� B\� �x� is unsatisfiable.
Additionally, if � B �j��� ;!E andat leastoneof �}X1&���` is equalto ‘ $ ’, then� B�� �x� is
unsatisfiableaswell. Theconstraintson theotherdirectioncanbeinferredby applying
theaboveconstraintsto thedualsof � B and��� : if � B �f�]��k E , or if � B �f�]� ;5E andat
leastoneof � X &]� ` is equalto ‘ k ’, then �x� B�� �x��� is unsatisfiable.

We continueby formalizingandgeneralizingtheseconstraints.

Definition 1. A directedpathof length � from � � to � � is a list of edges
. Xh[�[D[ .�� s.t.y M . X Q ; � � , 6 M .1� Q ; � � and � �}� X��WFX 6 M . � Q ; y M . � Z X Q . A directedpathis calledsimple if

no nodeis repeatedin thepath.
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We will usecapitallettersto denotedirectedpaths,andextendthenotationsy M . Q , 6 M . Q
and { M . Q to paths,asfollows.Let � ;�. Xh[�[D[ .1� bea directedpath.Then y M �}Q ; y M . X Q ,6 M �}Q ;V6 M .1� Q and { M �}Q ; T ��DWYX { M . � Q . w M �}Q is definedasfollows:

w M �}Q ;
�� � ( if � ���WFX w M . � Q ; ‘ ( ’$ if � ���WFX w M . � Q ; ‘ $ ’� otherwise

Wealsoextendthenotationfor dualedgesto paths:if � is adirectedpath,then |� is the
directedpathmadeof thedualedgesof � .

Definition 2. A Transitive Sub-Graph(TSG) � ; �5��� is a sub-graph comprised
of two directedpaths � and � , � �; � , starting and endingin the samenodes,i.e.,y M �}Q ; y M ��Q and

6 M �}Q ;�6 M �¡Q . � is calledsimpleif both � and � are simpleandthe
only nodessharedby � and � are y M ��Q M ; y M �¡Q,Q and

6 M �}Q M ;V6 M ��Q+Q .
Thetransitivity requirementsof adirectedcycle4 ¢ anda TSG � arepresentedin Fig. 1.
Theserequirementscanbe inferredfrom previouswork on this logic, andwill not be
formally provedhere.

£x¤¦¥¨§ Rules©«ª¬
‘ � ’ R1, R2©¦�¬
‘ � ’ R3, R4©D®i¬
else R2, R3

£�¤¦¯i§¡£�¤±°}§ Rules©D² ª ¬
‘ � ’ ‘ � ’ R1’, R2’©D² ¬
‘ � ’ ‘ � ’ R3’, R4’© ²® ¬

else R2’, R3’

R1 : if ³ ¤¦¥¨§Y�S´ , µ�¶v·8¸�¹\º �¨» 0

R2 : if ³ ¤¦¥¨§ H ´ , ¼ ¶ · ¸�¹ º �¨» 1

R3 : if ³ ¤¦¥¨§Y�S´ , µ ¶ · ¸�¹ º �¨» 0

R4 : if ³ ¤¦¥¨§Y½S´ , ¼�¶ · ¸�¹\º � » 1

R1’ : if ³ ¤¦¯i§F� ³ ¤±°}§ , µR¶ · ¸1¾�º ��¿ ¼�¶vÀz¸hÁ*º �
R2’ : if ³ ¤¦¯i§ H ³ ¤±°}§ , µR¶ · ¸hÁ*º ��¿ ¼�¶vÀ�¸1¾Âº �
R3’ : if ³ ¤¦¯i§F� ³ ¤±°}§ , µ ¶vÀz¸1¾ º � ¿ ¼ ¶ · ¸1Á º �
R4’ : if ³ ¤¦¯i§F½ ³ ¤±°}§ , µ ¶ · ¸hÁ º � ¿ ¼ ¶vÀ�¸1¾ º �

(a) Cycles (b) Transitivesub-graphs

Fig.1. Transitivity requirementsof cycles(a)andtransitive sub-graphs(b)

Bothsetsof ruleshaveredundancy dueto thedualedges.For example,eachcycle ¢ has
a dualcycle |¢ with anoppositedirectionand { M ¢ Q ; n { M |¢ Q . Applying thefour rules
to bothcycleswill yield exactly thesameconstraints.We canthereforeconsidercycles
in onedirectiononly. Alternatively, we canignoreR3 andR4, sincethefirst two rules
yield thesameresultwhenappliedto thedualcycle.Neverthelesswecontinuewith the
setof four rulesfor easeof presentation.

Definition 3. A cycle ¢ (alternatively, a TSG � ) is satisfiedby assignmentÃ , denotedÃGÄ ; ¢ , if Ã satisfiesits correspondingconstraintsasdefinedin Fig. 1.
4 By a ‘directedcycle’ we meana closeddirectedpathin whicheachsub-cycle is iteratedonce.

It is obviousthatiterationsover cyclesdonotaddtransitivity constraints.
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We will denoteby Ã M . Q theBooleanvalueassignedto
.

by anassignmentÃ . We will
usethenotation Ã��Ä ; � ¢ ,

Bu4V9_4ÆÅ
, to expressthefactthatrule R

9
is appliedto ¢ and

is not satisfiedby Ã .

Proposition1. Let � ; �j�c� and ¢ ; �j� |� bea TSG anda directedcyclein
L t

,
respectively. Then ÃGÄ ; � iff ÃGÄ ;�Ç .

Proof. Eachrule hasthreeparts:the conditionunderwhich it is applied(the values
of w M ¢ Q�&,w M �}Q and w M �¡Q ), the antecedentof the rule (the valuesof { M ¢ Q�&,{ M �}Q and{ M �¡Q ) andtheconsequenceof the rule (thevaluesof Ã M ¢ Q�&+Ã M �}Q and Ã M �¡Q ). We first
investigatetherelationshipsbetween� and ¢ with respectto thesethreeelements:

1. (Applied rule) w M Ç Q ; �O$��¦ÈÉw M �}Q ; �O$�� � w M ��Q ; �O(�� . Similarly, w M Ç Q ; �O(��¦Èw M �}Q ; �O(�� � w M �¡Q ; �«$�� . Thus,for Ê ;ËB [D[D[ Ì , : �A appliesto � if f
: A appliesto ¢ .

Consequently, rule R
9 � is appliedto � if f rule R

9
is appliedto ¢ .

2. (Booleanvalueof the rule’s antecedent)Let ÍOÎ denoteoneof the four inequality
signs.{ M �}QÍvÎ*{ M ��Q�Ï { M ��QI��{ M |�ÐQÍOÎ E ÏÑ{ M ¢ Q�ÍOÎ E . Theequivalenceof the
antecedentof eachrule andits primedversionis implied.

3. (Booleanvalueof the rule’s consequenceunder Ã ) By definition of dual edges,¼¡Ò À�Ó�Ô . � ; � µ Ò À Ó~ÕÔ . � and µ¡Ò À]Ó�Ô . � ; � ¼ Ò À Ó~ÕÔ . � . By definitionof � and ¢ ,µ¡Ò À�Ó�Ö . � ; µ¡Ò À�Ó�× . � � µ Ò ÀzÓ~ÕÔ . � and ¼�Ò À�Ó�Ö . � ; ¼�Ò À�Ó�× . � ^ ¼ Ò À�Ó~ÕÔ . � . The
equivalenceof the Booleanvalueunder Ã of eachrule andits primedversionis
implied.

Giventheserelationships:
(if) Let R

9 � bearule thatis notsatisfiedby Ã in respectto � , i.e. ÃV�Ä ; �DØÙ� . Thecor-
respondingruleR

9
is checkedfor ¢ (item1).TheBooleanvaluesof boththeantecedent

andconsequenceof R
9

arethesameasR
9 � ’s (items2 and3), andthereforeÃ doesnot

satisfyR
9

aswell. Thus, ÃV�Ä ; � ¢ .
(only if) A similar argumentto the if case.SwapR

9
with R

9 � and � with ¢ . ÚÛ
Example1. WedemonstratethedualitybetweenTSG’ sandcycleswith acycle ¢ wherew M ¢ Q ; ‘ $ ’ and { M ¢ Qj$ E

(Fig. 2(a)). Assume Ã assigns1 to all of ¢ edges,i.e.,Ã M ¢ Q ;lB . Consequently, Ã��Ä ;�Ü ¢ .

º ®º�Ý
º ª º  º ª º 

º�Ý Þº ®
(a) (b)

Fig.2. A cycle (a) anda possibledual transitive sub-graph(b). Solid edgesrepresentstrict in-
equality( � ) while dashededgesrepresentweakinequalities(‘ � ’).
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Weconstruct� from ¢ by substitutinge.g.,
. Ü

with its dual(Fig.2(b)). � is aTSG made
of thetwo directedpaths� ;l.�ß & . X & . ` and � ; |. Ü , thatsatisfy w M ��Q ; ‘ $ ’, w M ��Q ;
‘ ( ’ and { M �}Q�$!{ M ��Q (because{ M �¡Q ; n { M . Ü Q ). Accordingto Fig. 1(b),we apply
R3’ andR4’. But sinceÃ M |.1Ü Q ; �\Ã M .1Ü Q ;�E , R3’ is not satisfied.Thus, ÃÆ�Ä ;�Ü Ø � . ÚÛ
Proposition1 implies that it is sufficient to concentrateon either TSG’ s or cycles.In
the restof this paperwe will concentrateon cycles,sincetheir symmetrymakesthem
easierto handle.

Thefollowing propositionwill allow usto concentrateonly on simplecycles.

Proposition2. Let ¢ be a non simplecycle in
L t

, and let Ã be an assignmentto ¢
edges.If Ãà�Ä ; ¢ then there existsa sub-graph of ¢ that formsa simplecycle ¢ � s.t.ÃV�Ä ; ¢ � .
Proof. Let ��X [D[D[ �]A , ÊS$ B

be thesimplecyclesin ¢ (it is possiblethatsomeedgesare
sharedby thesecycles).We distinguishbetweenseveralcases:

1. If w M ¢ Q ; �«(�� thenfor all
Bc4á9R4 Ê , w M � � Q ; �O(�� andthereforerulesR1 andR2

apply. If ÃÆ�Ä ; X ¢ then { M ¢ QÂ$ E and Ã M ¢ Q ; Ã M � X Q ; [D[�[ ; Ã M � A Q ;âB . At leastone
of thesecycles,say � � , hasapositiveweight,i.e. { M � � Qi$ E . Sincew M � � Q ; �«(�� andÃ M � � Q ;ãB then ÃV�Ä ; X � � . For R2, theargumentis similar: if ÃÆ�Ä ; ` ¢ then { M ¢ Q 4mE
and Ã M ¢ Q ; Ã M � X Q ; [D[�[ ; Ã M � A Q ;lE . Thereexistsa cycle � � s.t. { M � � Q 4!E , and
sincew M � � Q ; �«(�� and Ã M � � Q ;�E then ÃV�Ä ; ` � � .

2. Else,if w M ¢ Q ; � $ � , theproof is similar to thepreviouscase:swapR1 with R3 and
R2 with R4 andchangetheinequalitiesaccordingly:swap’ $ ’ with ( and

4
with

’ k ’.
3. Else, w M ¢ Q ; � � � . We againsplit theproof:

(a) If Ãâ�Ä ; ` ¢ , then { M ¢ Q 4lE and Ã M ¢ Q ; Ã M ��X�Q ; [D[D[ ; Ã M ��A�Q ;äE . If { M ¢ Q ;{ M ��X]Q ; [D[�[ ; { M �]A�Q ;ÑE
, we needto show that R2 is appliedto at least

oneof them.But since w M ¢ Q ; � � � thenfor at leastoneof thesecycles,say ��� ,w M ���1Q}�; �O$�� , andthereforeR2 is appliedto ��� . Thus,ÃV�Ä ; `Â��� . Else,thereexists
a cycle � � s.t. { M � � Qik E . Thus ÃÆ�Ä ; ` � � or ÃÆ�Ä ;}ß � � , dependingon w M � � Q .

(b) If Ãâ�Ä ; Ü ¢ , then { M ¢ Q*( E and Ã M ¢ Q ; Ã M � X Q ; [D[D[ ; Ã M � A Q ;åB
. If { M ¢ Q ;{ M � X Q ; [D[�[ ; { M � A Q ;5E , weneedto show thatR3 is appliedto at leastoneof

them.But since w M ¢ Q ; � � � thenfor at leastoneof them,say � � , w M � � Q��; � ( � ,
andthereforeR3 is appliedto � � . Thus, Ãâ�Ä ; Ü � � . Else,thereexistsa cycle � �
s.t. { M � � Q_$ E . Thus ÃV�Ä ; X � � or ÃV�Ä ; Ü � � , dependingon w M � � Q .

We have showed that in all casesif ¢ is not satisfiedby Ã , thenthereexists a simple
cycle,which is a sub-graphof ¢ , thatis not satisfiedby Ã . ÚÛ
Thus,our decisionprocedureaddsconstraintsto K � for every simplecycle in

Lut
ac-

cordingto Fig. 1(a).

3.4 A decisionprocedureand its complexity

To summarizethis section,ourdecisionprocedureconsistsof threestages:
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1. Normalizing K . After this steptheformulacontainsonly the‘ $ ’ and‘ ( ’ signs.
2. Deriving K\� from K by encodingK ’s predicateswith new Booleanvariables.Each

predicateaddsan edgeand its dual to the inequalitygraph
Lut

, as explainedin
Section3.2

3. Adding transitivity constraintsfor everysimplecycle in
L K accordingto Fig. 1(a).

We delaythecorrectnessproof (soundnessandcompleteness)to Section4.2,afterwe
introducesomechangesto this basicprocedure.

Example2. Considertheformula

K���w�$Gæ n B ^c� M«ç $mæ n � � wd( ç Q
After step2 wehave K � � . � X ���è � é ^c� M . � ` ���ê � é � � . g ���ê � è Q
(for simplicity we refer to weak inequality predicatesby a negation of their duals).
Togetherwith the dual edges,

L t
containsonecycle with weight 1 consistingof the

verticeswY&,æ�& ç , andthedualof this cycle.Consideringtheformer, accordingto R3 we
addto K\� theconstraint

� . � X ���è � é ^c� M � . � ` ���ê � é Qo^c� . g ���ê � è
Theconstrainton thedualcycle is equivalentandis thereforenot computed. ÚÛ
This exampledemonstratesthat thesuggestedproceduremaygenerateredundantcon-
straints(yet noneof themmakestheprocedureincomplete).Thereis no reasonto con-
sidercyclesthat their edgesarenot conjoinedin theDNF of K . In [22] we prove this
observationandexplain how theabove procedurecanbecombinedwith conjunctions
matricesin order to avoid redundantconstraints.The conjunctionsmatrix of K is aÄ PaÄbë�Ä PaÄ matrix,computablein polynomialtime, thatstatefor eachpair of predicates
in K whetherthey would appearin thesameclauseif the formulawastransformedto
DNF. This informationis sufficient for concludingwhethera givencycle ever appears
asawholein asingleDNF clause.Only if theansweris yes,weaddtheassociatedcon-
straint.We referthereaderto theabovereferencefor moredetailson this improvement
(notethattheexperimentsin Section6 did not includethisoptimization).

Complexity. Thecomplexity of enumeratingtheconstraintsfor all simplecyclesis lin-
earin thenumberof cycles.Theremaybeanexponentialnumberof suchcycles.Thus,
while the numberof variablesis fixed, the numberof constraintscanbe exponential
(yet boundedby �/ì í�ì ). SAT is exponentialin thenumberof variablesandlinear in the
numberof constraints.Thereforethecomplexity of theSAT checkingstagein our pro-
cedureis tightly boundedby O

M,M � ì í�ì Q ` Q ; O
M � ` ì í�ì Q , whichis similar to thecomplexity

of theBellman-Fordprocedurecombinedwith case-splitting.Theonly argumentin fa-
vor of our methodis that in practiceSAT solversare lesssensitive to the numberof
variables,andaremoreaffectedby the connectivity betweenthem.The experiments
detailedin Section6 provesthat this observationappliesat leastto thesetof examples
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we tried.TheSAT phasewasnever thebottleneckin our experiments;ratherit wasthe
generationof theformula.

Thus,themoreinterestingquestionis whetherthecycleenumerationphaseis easier
thancasesplitting,asbothareexponentialin Ä PaÄ . Theansweris thatnormallythereare
significantlymoreclausesto deriveandcheckthantherearecyclesto enumerate.There
aretwo reasonsfor this: first, thesamecyclescanberepeatedin many clauses;second,
in satisfiableformulasmany clausesdonot containa cycleatall.

4 Compact representationof transiti vity constraints

Explicit enumerationof cycles will result in � U constraintsin the caseof Fig. 3(a),
regardlessof the weightson the edges.In many casesthis worst casecanbe avoided
by addingmoreedgesto thegraph.Thegeneralideais to projectthe informationthat
is containedin a directedpath(i.e., the accumulatedweight andtype of edgesin the
path)to asingleedge.If therearetwo or morepathsthatbearthesameinformation,the
representationwill bemorecompact.In Section4.2wewill elaborateontheimplication
of this changeon thecomplexity of theprocedure.

4.1 From cyclesto triangles

The main tool that we will use for deriving the compactrepresentationis chordal
graphs. Chordalgraphs(a.k.a.triangulatedgraphs)are normally definedin the con-
text of undirected,unweightedgraphs.A chordalgraphin that context is a graphin
which all cyclesof size4 or morecontainan internalchord(anedgebetweennonad-
jacentvertices).Chordalgraphswereusedin [6] to representtransitivity constraints
(of equality, in their case)in a conciseway. We will usethemfor the samepurpose.
Yet, thereareseveralaspectsin which

Lut
is differentfrom thegraphconsideredin the

standarddefinition:
Lut

is a directedmultigraphwith two typesof edges,theedgesare
weightedandeachoneof themhasa dual.

Definition 4. Let ¢ bea simplecyclein
Lut

. Let � � and � � betwo nonadjacentnodes
in ¢ . We denotethe path from � � to � � by � � � � . A chord

.
from � � to � � is called � � � � -

accumulatingif it satisfiesthesetwo requirements:

1. { M . Q ; { M � � � � Q
2. w M . Q ; ‘ ( ’ if w M � � � � Q ; ‘ ( ’ or if w M � � � � Q ; ‘ � ’ and w M � � � � Q ; ‘ $ ’. Otherwisew M . Q ; ‘ $ ’.

Thisdefinitionrefersto thecaseof onepathbetween
9
and

=
, andcanbeeasilyextended

if thereis morethanonesuchpath.Note that the definition of w M . Q relieson w M �/� � �vQ ,
whichis basedontheedgesof the‘otherside’of thecycle.Sincetherecanbemorethan
onepath �¨� � � , andeachonecanhavedifferenttypesof edges,makingthegraphchordal
mayrequiretheadditionof two edgesbetween

9
and

=
, correspondingto thetwo types

of inequalitysigns.As will be shown in Section4.2, our decisionprocedurerefrains
from explicitly checkingall thepaths� � � � . Ratherit addsthesetwo edgesautomatically
when w M � � � � Q ; ‘ � ’.
Definition 4 givesriseto thefollowing observation,which westatewithout proof:
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Fig.3. (a) In a closed	 -diamondsshapethereare

��

simplecycles.(b) Theedgeº accumulates
thepath ¯/�� �_»Æ¤ º ª � º  § .
Proposition3. Let

.
be a ��� � � -accumulatingchord in a simplecycle ¢ , and let ¢ � ;M ¢ � . Q���� � � � . Thefollowingequivalencieshold: w M ¢ Q ; w M ¢ � Q and { M ¢ Q ; { M ¢ � Q .

Example3. In Fig. 3(b), eachedgeis marked with its identifier
. � andweight � � . By

Definition4,
.

is a � � � � -accumulatingchord.Let ¢ � ; M ¢ � . Q��\� � � � ; M . & . Ü & .�ß Q . Then
asobservedin Proposition3, w M ¢ � Q ; w M ¢ Q ; ‘ � ’ and { M ¢ � Q ; { M ¢ Q ;�� ß��WYX � � . ÚÛ
Definition 5.

Lut
is calledchordalif all simplecyclesin

Lut
of sizegreateror equalto

4 containan accumulatingchord.

We leave the questionof how to make
L t

chordalto the next section.We first prove
thefollowing proposition:

Proposition4. Let ¢ bea simplecyclein a chordal graph
Lut

, andlet Ã bean assign-
mentto theedgesof ¢ . If Ã �Ä ; ¢ thenthere existsa simplecycle ¢ � of size3 in

Lut
s.t.ÃV�Ä ; ¢ � .

Proof. Let ¢ be a simplecycle in
Lut

of sizegreaterthan3. Since
Lut

is chordal,it
containsanaccumulatingchord

.
from e.g. � � to � � .

We denotethe pathfrom ��� to ��� by �Ù� � � andthe cycle through
.

by ¢ X , i.e. ¢ X ;M ¢ � . Q������ � � (in Fig. 3(b), ¢ X ; M . & .�Ü & . ß Q ). Recallthat Ã!�Ä ; ¢ only if Ã M ¢ Qu�;��
. We

now considertwo cases:

1. Ã M . Q ; Ã M ¢ Q .
According to Proposition3, w M ¢ Q ; w M ¢ X�Q and { M ¢ Q ; { M ¢ X]Q . Thus,the same
rulesapply to ¢ and ¢ X , andthe antecedentsof the rulesareevaluatedthe same.
Sincewe assumedthat Ã M . Q ; Ã M ¢ Q , then the consequenceof all rulesarealso
evaluatedequally. Thus, ÃV�Ä ; � ¢ if f ÃV�Ä ; � ¢ X .

2. Ã M . Q ;âB n Ã M ¢ Q .
Considerthe cycle ¢ ` ; �Ù� � ���l|. (in Fig. 3(b), ¢ ` ; M . X1& . `�&�|. Q ). By definition
of
.

and |. , w M ¢ `�Q ; � � � and { M ¢ `1Q ; E
. Thus,both R2 andR3 areapplied,and

theantecedentof bothrulesis true,which implies thatbothof their consequences
shouldbetrue.By definitionof dualedges,thefollowing holds: Ã M � � � � Q ; Ã M ¢ Q ;B n Ã M . Q ; Ã M |. Q . Thus, Ã assigns� � � � and |. thesameBooleanvalue,andthereforeÃ M ¢ ` Q is either0 or 1. In thefirst caseÃÆ�Ä ; ` ¢ ` , andin thesecondÃV�Ä ; Ü ¢ ` .
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In bothcaseswe founda cycle that is not satisfiedby Ã andis smallerthan ¢ . If either¢ X or ¢ ` is of size3 or less,we assignit to ¢ � andwe aredone.Otherwise,we apply
thisproof recursively with either ¢ X or ¢ ` . Sincebotharesmallerthan ¢ , terminationis
guaranteed. ÚÛ
4.2 The enhanceddecisionprocedureand its complexity

Basedon the above results,we changethe basicdecisionprocedureof Section3. We
adda stagefor makingthegraphchordal,andrestricttheconstraintsadditionphaseto
cyclesof size3 or less:

1. In thegraphconstructionstageof Section3.2,we adda third stepfor makingthe
graphchordal:

3. Make thegraphchordal.
While

N �;��
(a) Chooseanunmarkedvertex

9  N andmarkit.
(b) For eachpair of edges

M = & 9 &���X�&,w�X]Qz& M 9 &�Ê�&���`�&+w¨`1Qu mP , where
=

and Ê are
unmarkedverticesand

= �; Ê :� Add
M = &�Ê�&+��X����]`�&,wÙX]Q andits dualto P .� If w B �; wx� , add

M = &�ÊÙ&+��X��j��`�&,w¨`1Q andits dualto P .

2. Ratherthan enumeratingconstraintsfor all simple cycles, as explained in Sec-
tion 3.3,we only concentrateon cyclesof size2 and3.

Variousheuristicscanbeusedfor decidingtheorderin whichverticesarechosenin step
3(a).Our implementationfollows a greedycriterion: it removesthevertex that results
in theminimumnumberof addededges.

Proposition5. Thegraph
Lut

, asconstructedin step3, is chordal.

Proof. Falselyassumethatthereexistsa simplecycle ¢ ; M . X1[D[�[ .1� Q , �à$ Ì , thatdoes
not containanaccumulatingchord.Let ��� , Ec4l6*4 � , denotethefirst nodein ¢ that
wasmarkedin step3(a).

Let
. � beanedgefrom ��� � X to ��� and

. � Z X beanedgefrom ��� to ��� Z X 5. Usingthe
notationof Definition4, ��� � X � � Z X ; M . ��& . � Z X Q . We split thediscussionto two cases:

1. if w M . � Q ; w M . � Z X�Q then w M � � � X � � Z X]QÆ�; � � � and accordingto step3(b) we add
an edge

.S; M ��� � X &,��� Z X &,{ M . �,Q��5{ M . � Z X Q�&,w M ��� � X � � Z X Q+Q to
Lut

.
.

satisfiesboth
requirementsfor a ��� � X � � Z X -accumulatingchord: { M . Q ; { M ��� � X � � Z X Q and w M . Q ;w M ��� � X � � Z X Q (since w M ��� � X � � Z X QR�; � � � the latter is equivalentto therequirementin
thedefinition).

2. Else,we add the two edges
. X ; M ��� � X &,��� Z X &,{ M . ��Q_�!{ M . � Z X Q�& �%(���Q and

. ` ;M ��� � X &+��� Z X &+{ M . �,Q+�}{ M . � Z X Qz& � $ � Q . Bothsatisfythefirst requirementfor a ��� � X � � Z X -accumulatingchord: { M . X Q ; { M . ` Q ; { M ��� � X � � Z X Q ; oneof themsatisfiesthesec-
ondrequirement(dependingonthevalueof w M ��� Z X � � � X Q ). Thus,oneof theseedges
is a � � � X � � Z X -accumulatingchord.

5 If � »�� or � »! we changetheindicesaccordingly
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Thus,in all cases¢ containsanaccumulatingchord,whichcontradictsourassumption.
Thus,

Lut
is chordal. ÚÛ

Wenow haveall thenecessarycomponentsfor proving thesoundnessandthecom-
pletenessof this procedure:

Proposition6. K is satisfiableif andonly if K � is satisfiable.

Proof. (if) Fig. 1(a)statesthetransitivity constraintsthatarelost dueto theabstraction
of theseparationpredicates.Accordingto Proposition2, everyassignmentthatviolates
oneof theseconstraintsin the abstractedformula K\� , also violatesa constrainton a
simplecycle in K\� . Proposition5 assuresusthat

L t
is chordal,andaccordingto Propo-

sition 4, in a chordalgraphtransitivity of simplecycles is guaranteedby preserving
transitivity of cycleswhosesizeis lessor equalto three.Sincewe addtheconstraints
of Fig. 1(a) for every cycle of sizelessor equalto three, KF� retainsthe transitivity ofK . Thus, K is satisfiableif KF� is satisfiable.(only if) Encodingeachpredicatewith a
new Booleanvariableis conservative.Theaddedconstraintsareexactly thosethatare
imposedby transitivity of theinequalitysigns.Thus, K is satisfiableonly if KF� is satis-
fiable. ÚÛ
Complexity. In the worst case,the processof makingthe graphchordalcanaddan
exponentialnumberof edges.Considerthe following examplethat demonstratesthis
worst-casebehavior.

Example4. Considerthe graphin Figure 4. It is cyclic on " vertices � X &,� ` & [�[][ &+� U .Thereare " edgesgoing from � � to � � Z X for
B�4!9~4 " n B andalsofrom � U to � X to

closethecycles.Thus,we seethat thereare " U simplecyclesin this graph,andsothe
cycleenumerationbasedtechniquehasexponentialcomplexity.

However, thechordalgraphbasedtechniquewill alsodemonstrateexponentialbe-
havior on this example.Theweightson theedgesarechosenasfollows:

1. For
B'4j9�4 " n B , theweightson edgesgoingfrom � � to � � Z X are

E &#" � � X &���" � � X &[][�[ & M " n B Q$" � � X .
2. Theweightson edgesgoingfrom � U to �%X are

E &%" U � X &��&" U � X & [][�[ & M " n B Q$" U � X .
We canseethat no matterwherewe startaddingchords,we will endup addingone
chordfor everyweightbetween

E
and " U n B . Thus,we will endup adding" U chords.ÚÛ

Combiningthe worst-casepossibility of an exponentialnumberof edgeswith the
complexity of SAT, the procedureappearsto be doubleexponential.However, notice
that the transitivity constraintsgeneratedfrom the chordal graph are Horn clauses.
Therefore,given an assignmentto the Booleanencodingof the original formula, the
transitivity constraintsare implied in linear time. Hence,the SAT solver can be re-
strictedto case-splitonly on the Booleanvariablesencodingthe original setof pred-
icates,and this resultsin SAT run-time that is exponentialin the numberof clauses
andlinear in thenumberof transitivity constraints.Therefore,theoverall procedureis
exponentialin thenumberof originalpredicates(originaledgesin theconstraintgraph).
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Fig.4. Graphthatresultsin anexponentialnumberof chordaledgesbeingadded.

Also, in many cases,the chordalmethodcanreducecomplexity: consider, for ex-
ample,a graphsimilar to theonein Fig. 3(a),whereall edgesareof thesametype.If
all the top edgeshave a uniform weight � X andall the bottomedgeshave a different
uniformweight � ` , it canbeshown thatthenumberof addededges,andhencethenum-
ber of constraints,is quadraticin " . Alternatively, if all the diamondsare‘balanced’,
i.e., the accumulatedweight of the top andbottompathsof eachdiamondareequal,
thenumberof addededgesis linear in " . Thesecondexampleincludesthefrequently
encounteredcasein whichall weightsareequalto 0. Thus,in bothcasesthesizeof the
formulaandthecomplexity of generatingit is smallerthanin theexplicit enumeration
methodof Section3.

5 Integer domains

In our discussionsofarwe assumedthatall variablesin theformulaareof typereal.
Wenow extendouranalysisto integerseparationpredicates, i.e.,predicatesof theform���Y�����~�m� , where ��� and ��� aredeclaredasintegers(predicatesinvolving both types
of variablesareassumedto beforbidden).We addapreprocessingstageright after K is
normalized:

1. TransformK to NegationNormalForm(NNF), i.e.,negationsareallowedonly over
atomicpredicates,andeliminatenegationsby reversinginequalitysigns6.

6 Thereis noneedto actuallytransformtheformula.It is sufficient to predictwhatwouldbethe
inequalitysignof eachpredicateif theformulawastransformedto this form. Thiscanbedone
simplyby countingthenumberof negationsnestingeachpredicate.
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2. Replaceall integerseparationpredicatesof theform � � �f� � �G� where � is not an
integerwith � � (j� � �A@±�CB .

3. Replaceeachinteger predicateof the form ���S$ ���u�â� in K by the predicate���(m�����j��� B .
Theprocedurenow continuesasbefore,assumingall variablesareof typereal.

Example5. Considertheunsatisfiableformula Kj��w�$jæ� B [ � � � M æ�k ; w n ��Q wherew and æ areintegers.After thepreprocessingstepKj��wd(mæ*�G� � æa(Gw n B . ÚÛ
Wedenoteby KED thenormalizedcombinationof integerseparationpredicates(i.e.,after
step1). It is obviousthat K D is logically equivalentto theoriginal formula K . Wedenote
by KGF theresultof applyingsteps2 and3 to KGD . We now needto prove thefollowing
proposition:

Proposition7. KGD is satisfiableiff KGF is satisfiable.

We proveProposition7 in two steps,correspondingto thelasttwo stepsof theprepro-
cessingstage.

Lemma 1. Let � � �G� � ��� be an integer separation predicatein KGD where � is non-
integer. Derive K D X from K byreplacingthispredicatewith � � (m� � ��@±�CB . Thenfor every
assignmentÃ , ÃmÄ ; KGD iff ÃmÄ ; KGD X .
Proof. Since thereare no negationsin KGD and KGD X , it is sufficient to prove that if a
predicateis satisfiedin oneformulait canbesatisfiedin theother.

(if) Suppose�����*���%�R� is evaluatedto trueunderÃ . Wecanrewrite thisas��� n ��� �'� .
The LHS is integral while the RHS is non-integral.Thereforeclearly ��� n ���c(H@±�IB is
alsotrueunderÃ . Thus ÃjÄ ; KGD X . (only if) Trivial. ÚÛ

Applying this proof inductively on the predicatesin K D provesthe correctnessof
thefirst step.We denotetheformularesultingfrom thefirst stepas KED X .
Lemma 2. Let KGD X bea normalizedcombinationof integer separationpredicateswhere
all constantsare integers, and let KGF be the resultof applyingthe secondstepin the
preprocessingstage to KGD X . Then KED X is satisfiableiff KEF is satisfiable.

Proof. Sincethereareno negationsin both formulas,it is sufficient to prove that all
predicatesin oneformulacanbesatisfiedin theother.

(if) Let Ã bean(integer)assignments.t. ÃÆÄ ; KGD X , andlet J bethesetof predicates
in KGD X of theform ����$m���i�G� thataresatisfiedby Ã . Since��� and ��� areintegers,then
clearly ���(G�����j��� B is satisfiedby Ã . Thus, ÃjÄ ; KEF .

(onlyif) Let Ã beanassignments.t. ÃGÄ ; K F . Let � FX [D[D[ � FU betherealvaluesassigned
by Ã to �%X [D[�[ � U , the variablesin KEF . Also, let J be the setof predicatesin KGF that
aresatisfiedby Ã . Define �KD� ;ML �NF�PO for

B�4C6c4 " . Note that by definition,
EV4

�KF� n �ND� k B
for all

B�4 6*4 " . We definetheassignmentÃED asfollows: ��� ; �KD� forBJ4â6*4 " . We now show that ÃED satisfiesall thepredicatesin J . Note that thereare
no strict inequalitiesin J . Let � X �¨� � ( � � �m� bea predicatein J thatwasobtained
by substitutingout a predicate�¨�X �x� � $ � � �Æ� n B in KGD X . Since� X is satisfiedby Ã ,
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�KF� (j�NF� �a� . Usingthepossiblerangefor �NF� n �ND� , weget �KD� $G�NF� n B (j�NF� �a� n B (�KD� �
� n B , which impliesthat �ND� $m�KD� ��� n B . Now, let � ` ��� � (j� � ��� beapredicate
in J thatoccuredin KGD X . We seethat �KD� � B $��NF� (V�NF� �G�u(��ND� �G� , which implies
that �KD� $Æ�KD� �j� n B . But sincetheRHS is integer, then �ND� (Æ�ND� �G� . Thus,bothtypes
of predicatesaresatisfiedunderÃ D . Weconcludethat Ã D Ä ; K D X , henceK D X is satisfiable.ÚÛÚÛ
6 Experimental results

To testwhethercheckingthe encodedpropositionalformula K\� is indeedeasierthan
checkingtheoriginalformula K , wegeneratedanumberof sampleformulasandchecked
thembeforeandaftertheencoding.Wecheckedtheoriginal formulaswith theICSthe-
oremprover, andcheckedtheencodedformula KF� with theSAT solverChaff [15].

First,we generatedformulasthathave the‘diamond’ structureof Fig. 3(a),with Q
conjoineddiamonds.Althoughartificial exampleslike this onearenot necessarilyre-
alistic, they areusefulfor checkingthedecisionprocedureundercontrolledconditions.
Eachdiamondhadthefollowing properties:thetopandbottompathshave R conjoined
edgeseach;thetop andbottompathsaredisjointed;theedgesin thetop pathrepresent
strict inequalities,while theedgesin thebottompathrepresentweakinequalities.Thus,
thereare �=S simpleconjoinedcycles,eachof size( QATURd� B ).
Example6. The formula below representsthe diamondstructurethat we usedin our
benchmarkfor R ; � . For betterreadability, we usethe notationof edgesratherthan
theonefor their associatedBooleanvariables.We denoteby

6 � � ( V � � ) the
= �XW nodein the

top (bottom)pathof the
9 �XW diamond.Also, for simplicity we chosea uniform weight� , which in practicevariedaswe explainbelow.µ S�DWYX M,M � � & 6 X� &��h&]$~Q � M 6 X� &,� � Z X &+�h&�$~Q%^ M � � &CV X� &��h&](~Q � M V X� &,� � Z X &+�h&�(~Q,Q � M � � Z X &,� X &+�h&�$~QÚÛ

By adjustingthe weightsof eachedge,we were able to control the difficulty of the
problem:first,weguaranteedthatthereis only onesatisfyingassignmentto theformula,
which makesit moredifficult to solve (e.g.,in Example6, if we assign� ; n B for all
top edges,and � ; M Q n B Q for all bottomedges,and � ; R�TYQ n B for the last,
closingedge,only the paththroughthe top edgesis satisfiable);second,the weights
on thebottomandtop pathsareuniform(yet thediamondsarenot balanced),which, it
canbeshown, causesaquadraticgrowth in thenumberof addededgesandconstraints.
This,in fact,turnedout to bethebottleneckof ourprocedure.As illustratedin thetable,
Chaff solved all SAT instancesin negligible time, while the procedurefor generating
the CNF formula (titled ‘CNF’) becamelessandlessefficient. However, in all cases
exceptthe last one,the combinedrun time of our procedurewasfasterthanthe three
theoremproverswe experimentedwith. In a secondbatch(not listed in the table),we
changedall weightsto ‘1’. This,ontheonehand,balancedthediamonds(eachdiamond
‘collapsed’ into a singlechordwith a weight R ) andhenceresultedin linear growth.
On the otherhand,it madethe formula unsatisfiable,becauseall pathshave positive
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accumulatedweight.Generatingthe formula becameeasy(lessthana second)for all
instances,while therewasnosignificantchangein theruntimesof thetheoremprovers.
The table in Fig. 5 includesresultsfor 7 cases.The resultsclearly demonstratethe
easinessof solvingthepropositionalencodingin comparisonwith theoriginal formula.

Topology Separation
n d ICS DDD CNF SAT Total
4 2 5.9 ½Z� ½Z� ½[� ½Z�
5 2 95.1 ½Z� ½Z� ½[� ½Z�
7 4 * 16 ½Z� ½[� ½Z�
10 5 * * ½Z� ½[� ½Z�
25 5 * * ½Z� ½[� ½Z�
50 5 * * 2 ½[� 2
100 5 * * 32 ½[� 33
250 5 * * 754 1.6 755.6
500 5 * * * *

Fig.5. Resultsin seconds,whenappliedto a diamond-shapedgraphswith \ diamonds,eachof
size ] . ‘*’ denotesrun time exceeding��´ Ý sec.

As a morerealistictest,we experimentedwith formulasthataregeneratedin hard-
wareverificationproblems.To generatetheseformulasweusedtheUCLID verification
tool [7]. Thesehardwaremodelsincludea load-storeunit from anindustrialmicropro-
cessor, an out-of-orderexecutionunit, anda cachecoherenceprotocol.The formulas
weregeneratedby symbolicallysimulatingthe modelsfor several stepsstartingfrom
aninitial state,andcheckingasafetypropertyat theendof eachstep.Fig. 6(a)summa-
rizestheseresults.Finally, we alsosolved formulasgeneratedduringsymbolicmodel
checkingof timed systems.Theseexamplesarederived from a railroadcrossinggate
controller that is commonlyusedin the timed systemsliterature.Fig. 6(b) shows the
resultsfor theseformulas.

Acknowledgments We thank S. Germanfor giving us the cache-protocolexample,
andS.Lahiri for helpingwith theexperiments.Thefirst authoralsowishesto thankD.
Kroeningfor hisguidancethroughthemazeof algorithmsthatvarioustheoremprovers
use.
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C.Mu noz,C.Murthy, C.Parent,C.Paulin,A. Säıbi, andB. Werner. TheCoqProofAssistant
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